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Riemann-Roch Polynomials of the known
Hyperka¨hler Manifolds
A´ngel David Rı´os Ortiz
Abstract
We compute explicit formulas for the Euler characteristic of line bun-
dles in the two exceptional examples of Hyperka¨hler Manifolds introduced
by O’Grady.
1 Introduction
A compact Ka¨hler manifold is called Hyperka¨hler (HK) if it is simply connected
and carries a holomorphic symplectic form that spans H2,0. HK manifolds can
be thought of as the higher dimensional analogues of K3 surfaces, and they
constitute one of the three fundamental classes of varieties with vanishing first
Chern class [Bea83].
Although any twoK3 surfaces are deformation equivalent, this fact no longer
holds in higher dimensions. The first two series of examples of deformation
types in each (necesarily even) dimension were described by Beauville [Bea83];
the first series, denoted by K3[n], is given by the Hilbert scheme of n points in
a K3 surface. The other one is a submanifold in the Hilbert scheme of n points
in an abelian surface. Generalizing the construction of a Kummer surface, this
(2n-dimensional) deformation type is denoted by Kumn.
Later, O’Grady introduced two new deformation types in dimensions 6 and
10 ([O’G99],[O’G03]), now denoted by OG6 and OG10 respectively. The con-
struction of both exceptional examples is done by resolving a singular moduli
space of sheaves on a K3 surface for OG10 and an abelian surface for OG6. In
view of this analogies it is expected that the projective geometry of HK man-
ifolds of K3[5]-type (respectively Kum3-type) should be related with that of
OG10-type (respectively OG6-type).
The main result of this paper (cf. Theorem 2) gives, for the HK manifolds
described by O’Grady, closed formulas that compute the Euler characteristic
of any line bundle in terms of numerical polynomials that only depend in the
Beauville-Bogomolov form –a canonical quadratic form in the second cohomol-
ogy group of any HK. Surprisingly the formulas turn out to be exactly the same
as those of the series described by Beauville.
In order to compute these polynomials we use two different methods. The
first one exploits a recent description in [LSV17] of OG10 as a compactification
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of a fibration associated with a cubic 4-fold. The second one is based on the
explicit descriptions of some uniruled divisors in two different models of OG6
given in [MRS18] and [Nag14].
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2 Preliminaries
Let X be a HK of dimension 2n and qX its Beauville-Bogomolov form [Bea83].
Recall that the Fujiki constant cX is defined as the rational number such that
for all α ∈ H2(X) we have the so-called Fujiki relation:∫
X
α2n = cXqX(α)
n (1)
Remark. The polarized form of Fujiki’s relation is∫
X
α1 ⌣ · · ·⌣ α2n =
cX
(2n)!
∑
σ∈S2n
qX(ασ(1), ασ(2)) · · · qX(ασ(2n−1), ασ(2n)) (2)
Huybrechts further generalized this relation to all polynomials in the Chern
classes, more specifically he proved the following
Theorem 1 ([GHJ03], Corollary 23.17). Assume α ∈ H4j(X,Q) is of type
(2k, 2k) for all small deformations of X. Then there exists a constant C(α) ∈ Q
such that ∫
X
α ⌣ β2n−2k = C(α) · qX(β)
n−k (3)
for all β ∈ H2(X,Q).
The odd Chern classes (hence the odd Todd classes) of X vanish since the
symplectic form on X induces an isomorphism between TX and its dual. The
Todd classes are topological invariants of X , so for any line bundle L in X we
combine Theorem 1 with Hirzebruch-Riemann-Roch Theorem to get
χ(X,L) =
n∑
i=0
1
(2i)!
∫
X
Td2n−2i(X)⌣ c1(L)
2i =
n∑
i=0
ai
(2i)!
· qX(L)
i (4)
where ai := C(Td2n−2i(X)).
Definition 1 (Huybrechts, Nieper, Riess). The Riemann-Roch polynomial of
X , denoted by RRX(t), is the polynomial
RRX(t) =
n∑
i=0
ai
(2i)!
ti.
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Let us list a few well-known properties of this polynomial.
Lemma 1. Let X be a HK variety of dimension 2n. The following properties
hold:
1. RRX depends only on the deformation class of X.
2. The constant term is a0 = n+ 1.
3. The coefficient of the highest-order term is an = cX and is positive.
Proof. We have already observed that the Todd classes are a deformation in-
variant of X . Hence each ai (and therefore RRX) is also a deformation invariant
of X . The constant term of RRX is the holomorphic Euler characteristic of X ,
this was computed [Bea83] to be n+ 1. The constant an = C(Td0(X)) is given
by (1) so it is equal to cX . Observe that cX is positive because the left hand
side of the Fujiki relation (1) is a volume form.
In view of the previous Lemma we can speak of the Riemann-Roch polyno-
mial for a deformation type. This has been done for the two series of examples
introduced by Beauville.
Example 1 ([EGL01], Lemma 5.1). Let X be a HK of K3[n]-type, then the
Riemann-Roch polynomial is given by
RRX(t) =
(
t/2 + n+ 1
n
)
.
Example 2 ([Nie03], Lemma 5.2). Let X be a HK of Kumn-type, then the
Hilbert polynomial takes the form
RRX(t) = (n+ 1)
(
t/2 + n
n
)
.
We will say that the Riemann Roch polynomial is of K3[n]-type or Kumn-
type if it corresponds to one of the two examples above. Now we can state the
main result of this paper.
Theorem 2. The Riemann-Roch polynomials for the deformation class of OG6
and OG10 are of Kum3-type and K3
[5]-type respectively.
The Theorem will be proved in Propositions 2 and 3 in the two Sections
bellow.
3 Riemann-Roch polynomial for OG10
Wewill use the realization of OG10 constructed by Laza-Sacca`-Voisin in [LSV17],
denoted by J . This has a Lagrangian fibration π : J → P5. Let Θ be the relative
theta divisor. This is π-ample by [LSV17], Section 5. Denote by Xt a smooth
fiber of π and by Θt the restriction of Θ to the fiber. Recall the following result
by Sawon.
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Theorem 3 ([Saw16], Claim 12). Let H be a π-ample divisor on X. Then the
sheaf π∗OX(H) is locally free of rank h
0(Xt, Ht).
Remark. In [Saw16] it is assumed that H is also ample, but tensoring with a
sufficiently high multiple of the fiber yields the same result.
The relative theta divisor is a principal polarization when restricted to any
smooth fiber, hence h0(Jt,Θt) = 1. We obtain
Proposition 1. π∗(OJ (Θ)) ∼= OP5(k) for some k ≥ 0. In particular
h0(J,Θ+mF ) =
(
k +m+ 5
5
)
(5)
for all m≫ 0.
Remark. This computation also yields that the Fujiki costant of J is 9!! = 945,
a result previously found by Rapagnetta.
The class F is isotropic with respect to qJ , we use the polarized version of
the Fujiki formula to get∫
X
Θ5 ⌣ F 5 =
cX
10!
· (5!)2 · 25 · qX(F, ω)
5.
On the other hand, we can compute the left hand side to be∫
X
Θ5 ⌣ F 5 =
∫
Xt
Θ5|Xt =
∫
Xt
Θ5t = 5!
Hence qJ (Θ, F ) = 1. In particular qJ (Θ +mF ) = qJ(Θ) + 2m.
Proposition 2. The Riemann-Roch polynomial of OG10 is of K3[5]-type.
Proof. We substitute t = q(Θ +mF ) = q(Θ) + 2m to get
RRX(t) =
( t+k−qJ (Θ)
2 + 5
5
)
Evaluating at zero we get the following equation
6 =
(k−qJ (Θ)
2 + 5
5
)
whose only rational solution is k−qJ (Θ)2 = 1, the result follows.
Remark. The same strategy can also be used to compute the Riemann-Roch
polynomial for HK manifolds of K3[n]-type.
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4 Riemann-Roch polynomial for OG6
Although there does exist a HK manifold of OG6-type with a Lagrangian fibra-
tion, we cannot use the same strategy as we did for OG10 because the abelian
varieties appearing as smooth fibers are not principally polarized –i.e. there
is not an ample divisor restricting to a principal polarization on every smooth
fiber. Hence, we use an alternative method based on the explicit description of
some divisors.
Let X be a HK manifold of OG6-type. The formula (4) for X is:
χ(X,L) = a0 +
a1
2!
qX(L) +
a2
4!
qX(L)
2 +
a3
6!
qX(L)
3 = RRX(qX(L)) (6)
By Lemma 1 we have a0 = 4 and also a3 = cX = 60, by [Rap07]. We will find
divisors whose invariants reduce equation 6 to a linear system of equations. In
order to do this, we will introduce the divisors Σ˜ and B˜, its Beauville-Bogomolov
form and Euler characteristic are outlined in the table bellow.
χ qX
Σ˜ -4 -8
B˜ 0 -2
Table 1: Invariants for Σ˜ and B˜.
Proposition 3. The Riemann-Roch polynomial of OG6 is of Kum3-type.
Proof. If we plug into Equation (6) the known invariants of Σ˜ and B˜ given
in Table 1, then we have a complete system of linear equations because the
Beauville-Bogomolov square of both divisors is different. Hence, constants a1
and a2 are uniquely determined. The coefficients a0, . . . , a4 are the same as
those of the Riemann-Roch polynomial of Kum3-type given in Example 2.
In the rest of this Section we are going to compute the values of the Table
1. Let us recall the following easy
Lemma 2. Let E ⊆ X be an effective smooth divisor, then χ(X,O(E)) =
4− χ(E,OE).
Proof. The exact sequence induced by a nonzero section of E gives a formula
for its Euler characteristic:
χ(X,O(E)) = χ(X,OX) + χ(E,OE(E)) = 4 + χ(E,OE(E)). (7)
By adjunction OE(E) ∼= ωE . If E is smooth, then by Serre duality χ(E,ωE) =
−χ(E,OE).
In order to describe the divisors we need to introduce some notation. Let A
be an abelian surface, and denote by A∨ its dual. Multiplication by −1 is an
involution on A×A∨. The first divisor Σ˜ corresponds to the exceptional locus
of a resolution of a singular moduli space of sheaves on A.
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Theorem 4 ([MRS18], Corollary 2.8). The divisor Σ˜ is a P1-bundle over the
nonsingular variety
Σ := BlSing((A×A∨)/±1)(A×A
∨)/ ± 1.
The Euler characteristic is multiplicative for smooth fibrations, so χ(OΣ˜) =
χ(OΣ). The Hodge numbers are given by
H4,q(Σ) = H4,q(A× Â)inv.
Since the action in cohomology is given in differential forms by multiplication
with (−1)deg, the cohomology groups are
H4,q(A× Â) =


0 if q = 2, 4
6 if q = 3
1 if q = 1, 5.
It follows that χ(OΣ) = −8 and hence χ(OX(Σ˜)) = −4 by (7). By Theorem
3.3.1 of [Rap07] it is known that qX(Σ˜) = −8.
The other divisor B˜ corresponds to the locus of non-locally free sheaves in
a moduli space of sheaves on A.
Theorem 5 ([Nag14]). B˜ is a P1-bundle over K(A) × K(A∨), where K(A)
denotes the smooth Kummer surface associated to A.
The previous Theorem yields χ(OB˜) = χ(OK(A)×K(A∨)) = 4, since both
K(A) and K(A∨) are K3 surfaces. Finally by Formula (7) we have χ(OX(B˜)) =
0. By Theorem 3.5.1 of [Rap07] we have that qX(B˜) = −2; this finishes the
proof of the Proposition, and of the Main Theorem.
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